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Introduction
So far, you have been representing graphs of equations as collections of points

on the rectangular coordinate system, where and represent the directed
distances from the coordinate axes to the point In this section, you will
study a different system called the polar coordinate system.

To form the polar coordinate system in the plane, fix a point called the
pole (or origin), and construct from an initial ray called the polar axis, as
shown in Figure 10.57. Then each point in the plane can be assigned polar
coordinates as follows.

1. directed distance from to 

2. directed angle, counterclockwise from polar axis to segment 

FIGURE 10.57

Plotting Points on the Polar Coordinate System

a. The point lies two units from the pole on the terminal side
of the angle as shown in Figure 10.58.

b. The point lies three units from the pole on the terminal
side of the angle as shown in Figure 10.59.

c. The point coincides with the point as shown
in Figure 10.60.

Now try Exercise 1.
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What you should learn
• Plot points on the polar 

coordinate system.

• Convert points from 
rectangular to polar form 
and vice versa.

• Convert equations from 
rectangular to polar form 
and vice versa.

Why you should learn it
Polar coordinates offer a 
different mathematical 
perspective on graphing. For
instance, in Exercises 1–8 on
page 783, you are asked to 
find multiple representations 
of polar coordinates.
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In rectangular coordinates, each point has a unique representation.
This is not true for polar coordinates. For instance, the coordinates and

represent the same point, as illustrated in Example 1. Another way
to obtain multiple representations of a point is to use negative values for 
Because is a directed distance, the coordinates and represent
the same point. In general, the point can be represented as

or

where is any integer. Moreover, the pole is represented by where is any
angle.

Multiple Representations of Points

Plot the point and find three additional polar representations of this
point, using 

Solution
The point is shown in Figure 10.61. Three other representations are as follows.

Add to 

Replace r by –r; subtract from 

Replace r by –r; add to 

Now try Exercise 3.

Coordinate Conversion
To establish the relationship between polar and rectangular coordinates, let the
polar axis coincide with the positive -axis and the pole with the origin, as shown
in Figure 10.62. Because lies on a circle of radius it follows that

Moreover, for the definitions of the trigonometric
functions imply that

and

If you can show that the same relationships hold.r < 0,
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Example 2

Coordinate Conversion
The polar coordinates are related to the rectangular coordinates 
as follows.

Polar-to-Rectangular Rectangular-to-Polar
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tan � �
y

x
x � r cos �

�x, y��r, ��

π 0

2

π
2

3

= −θ

π

π
4

4

3, −( )
21 3

3

3

π π π π
4 4 4 4( ) ( ) ( )( )3 5 73, − =  3,        = −3, − = −3,       = ...

π

FIGURE 10.61

(Origin)
Polar axis
(x-axis)

Pole

r

x

y

(r,   )
(x, y)

θ

θ

y

x

FIGURE 10.62

Most graphing calculators 
have a polar graphing mode. If
yours does, graph the equation

(Use a setting in which
and 

You should obtain a circle of
radius 3.

a. Use the trace feature to
cursor around the circle. 
Can you locate the point

b. Can you find other polar
representations of the point

If so, explain
how you did it.
�3, 5��4�?

�3, 5��4�?

�4 ≤ y ≤ 4.)�6 ≤ x ≤ 6
r � 3.

Exploration
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Polar-to-Rectangular Conversion

Convert each point to rectangular coordinates. 

a. b.

Solution
a. For the point you have the following.

The rectangular coordinates are (See Figure 10.63.)

b. For the point you have the following.

The rectangular coordinates are 

Now try Exercise 13.

Rectangular-to-Polar Conversion

Convert each point to polar coordinates.

a. b.

Solution
a. For the second-quadrant point you have

Because lies in the same quadrant as use positive 

So, one set of polar coordinates is as shown in Figure
10.64.

b. Because the point lies on the positive -axis, choose

and

This implies that one set of polar coordinates is as shown
in Figure 10.65.

Now try Exercise 19.
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Example 3

Example 4

Activities

1. Find three additional polar
representations of the point 

Answer: and

2. Convert the point from
rectangular to polar form.

Answer: or
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Activities

1. Convert the polar equation
to rectangular form.

Answer:

2. Convert the rectangular equation
to polar form.

Answer: r � 4 sec �

x � 4

x2 � y2 � 3x � 0

r � 3 cos �

Multiple representations of points and
equations in the polar system can cause
confusion. You may want to discuss
several examples.
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Equation Conversion
By comparing Examples 3 and 4, you can see that point conversion from the polar
to the rectangular system is straightforward, whereas point conversion from the
rectangular to the polar system is more involved. For equations, the opposite is
true. To convert a rectangular equation to polar form, you simply replace by

and by For instance, the rectangular equation can be
written in polar form as follows.

Rectangular equation

Polar equation

Simplest form

On the other hand, converting a polar equation to rectangular form requires
considerable ingenuity.

Example 5 demonstrates several polar-to-rectangular conversions that enable
you to sketch the graphs of some polar equations.

Converting Polar Equations to Rectangular Form

Describe the graph of each polar equation and find the corresponding rectangular
equation.

a. b. c.

Solution
a. The graph of the polar equation consists of all points that are two units

from the pole. In other words, this graph is a circle centered at the origin with
a radius of 2, as shown in Figure 10.66. You can confirm this by converting to
rectangular form, using the relationship 

Polar equation Rectangular equation

b. The graph of the polar equation consists of all points on the line that
makes an angle of with the positive polar axis, as shown in Figure 10.67.
To convert to rectangular form, make use of the relationship 

Polar equation Rectangular equation

c. The graph of the polar equation is not evident by simple inspection,
so convert to rectangular form by using the relationship 

Polar equation Rectangular equation

Now you see that the graph is a vertical line, as shown in Figure 10.68.

Now try Exercise 65.
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In Exercises 1–8, plot the point given in polar coordinates
and find two additional polar representations of the point,
using 

1. 2.

3. 4.

5. 6.

7. 8.

In Exercises 9–16, a point in polar coordinates is given.
Convert the point to rectangular coordinates.

9. 10.

11. 12.

13. 14.

15. 16.

In Exercises 17–26, a point in rectangular coordinates is
given. Convert the point to polar coordinates.

17. 18.

19. 20.

21. 22.

23. 24.

25. 26.

In Exercises 27–32, use a graphing utility to find one set 
of polar coordinates for the point given in rectangular
coordinates.

27. 28.

29. 30.

31. 32.

In Exercises 33– 48, convert the rectangular equation to
polar form. Assume 

33. 34.

35. 36.

37. 38.

39. 40.

41. 42.

43. 44.

45. 46.

47. 48. x2 � y2 � 2ay � 0x2 � y2 � 2ax � 0
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Exercises 10.7

VOCABULARY CHECK: Fill in the blanks.

1. The origin of the polar coordinate system is called the ________.

2. For the point is the ________ ________ from to and is the ________ ________ 
counterclockwise from the polar axis to the line segment 

3. To plot the point use the ________ coordinate system.

4. The polar coordinates are related to the rectangular coordinates as follows:

PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com.

r2 � ________y � ________ 

tan � � ________x � ________

�x, y��r, ��
�r, ��,

OP.
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333202_1007.qxd  12/8/05  11:09 AM  Page 783



In Exercises 49–64,convert the polar equation to rectangular
form.

49. 50.

51. 52.

53. 54.

55. 56.

57. 58.

59. 60.

61. 62.

63. 64.

In Exercises 65–70, describe the graph of the polar equation
and find the corresponding rectangular equation. Sketch 
its graph.

65. 66.

67. 68.

69. 70.

Synthesis

True or False? In Exercises 71 and 72, determine whether
the statement is true or false. Justify your answer.

71. If for some integer then and 
represent the same point on the polar coordinate system.

72. If then and represent the same
point on the polar coordinate system.

73. Convert the polar equation to
rectangular form and verify that it is the equation of a
circle. Find the radius of the circle and the rectangular
coordinates of the center of the circle.

74. Convert the polar equation to
rectangular form and identify the graph.

75. Think About It
(a) Show that the distance between the points and

is 

(b) Describe the positions of the points relative to each
other for Simplify the Distance Formula for
this case. Is the simplification what you expected?
Explain.

(c) Simplify the Distance Formula for Is
the simplification what you expected? Explain.

(d) Choose two points on the polar coordinate system and
find the distance between them. Then choose different
polar representations of the same two points and apply
the Distance Formula again. Discuss the result.

76. Exploration

(a) Set the window format of your graphing utility on
rectangular coordinates and locate the cursor at any
position off the coordinate axes. Move the cursor
horizontally and observe any changes in the displayed
coordinates of the points. Explain the changes in the
coordinates. Now repeat the process moving the cursor
vertically.

(b) Set the window format of your graphing utility on
polar coordinates and locate the cursor at any position
off the coordinate axes. Move the cursor horizontally
and observe any changes in the displayed coordinates
of the points. Explain the changes in the coordinates.
Now repeat the process moving the cursor vertically.

(c) Explain why the results of parts (a) and (b) are not the
same.

Skills Review

In Exercises 77–80, use the properties of logarithms to
expand the expression as a sum, difference, and/or
constant multiple  of logarithms. (Assume all variables are
positive.)

77. 78.

79. 80.

In Exercises 81–84, condense the expression to the loga-
rithm of a single quantity.

81. 82.

83. 84.

In Exercises 85–90, use Cramer’s Rule to solve the system of
equations.

85. 86.

87. 88.

89. 90.

In Exercises 91–94, use a determinant to determine
whether the points are collinear.
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